
Estuarine, Coastal and Shelf Science 63 (2005) 249–260

www.elsevier.com/locate/ECSS
A general formula for non-cohesive bed load sediment transport

Benoı̂t Camenen), Magnus Larson

Department of Water Resources Engineering, Lund University, Box 118, S-221 00 Lund, Sweden

Received 10 May 2004; accepted 29 October 2004

Abstract

A bed load transport formula for non-cohesive sediment, based on the bed-shear concept of Meyer-Peter and Müller, was
developed and validated for steady flows, oscillatory flows, and combined steady and oscillatory flows. The bed load formula

introduced in this study was examined using data from experimental and field measurements for a wide range of flows and sediment
conditions, as occurring in river, coastal, and marine environments. More than 1000 steady and 500 oscillatory flow cases were used
in the study. The relationship between the bed load transport and the total Shields parameter to the power 1.5 was first confirmed

for the steady flows. An exponential factor to take into account the effect of the critical Shields parameter was introduced. The
proposed formula for the steady current was expanded and generalized to take into account the effects of oscillatory flows as well as
oscillatory flows with a superimposed current at an arbitrary angle. The time-dependent bed load transport was treated in a ‘‘quasi-

steady’’ manner using the quadratic value of the instantaneous Shields parameter for the two half-periods of the wave (when the
total instantaneous velocity u is in the direction of the wave, uO 0, or in the opposite direction, u! 0). A good correlation was
found between the bed load formula and the measurements for colinear oscillatory and steady flows when no phase-lag occurred in

the experiments. However, a marked scatter was observed since the Shields parameter had to be estimated and not derived directly
from measured data. Finally, the validity and limitations of the obtained bed load transport formula are discussed.
� 2004 Elsevier Ltd. All rights reserved.
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1. Introduction

Accurate prediction of sediment transport rates is an
important element in morphological studies of river,
coastal, and marine environments. Sediment transport
occurs in two main modes: bed load and suspended
load. The bed load is the part of the total load which is
travelling immediately above the bed and is supported
by intergranular collisions rather than fluid turbulence
(Wilson, 1966). The suspended load, on the other hand,
is the part of the load which is primarily supported by
the fluid turbulence (Fredsøe and Deigaard, 1994).
Thus, bed load includes mainly sediment transport for
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coarse materials (saltation) or fine material on plane
beds (saltation at low shear stresses and sheet flow at
high shear stresses), although both types of transport
can occur together and the limit is not always easy to
define. The earliest formulas (models) proposed to
estimate bed load transport were mainly based on the
concept that the sediment transport rate can be related
to the bottom shear stress (Meyer-Peter and Müller,
1948; Einstein, 1950) and these formulas were valid for
steady, uni-directional flows. In coastal and marine
environments, the process of sediment transport be-
comes increasingly complex due to the presence of
oscillatory flows, and the interaction between steady and
oscillatory flows. For example, in longshore sediment
transport, the influence of the short waves is expressed
through a wave-induced sediment stirring that increases
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the bed-shear stress (Bijker, 1967; Watanabe, 1982; Van
Rijn, 1993).

However, in the case of cross-shore sediment trans-
port, a wave-averaged approach is not adequate due to
the dominant role of the time-dependent oscillatory
orbital motion near the sea bed, induced by the short
waves. For example, the residual cross-shore transport
of sand due to short-wave asymmetry is generally
described using an intra-wave model concept, resolving
the unsteady transport process through the wave cycle.
Bagnold (1966) developed an ‘‘energetics transport
model’’, in which the instantaneous transport through
the wave cycle is related to the instantaneous energy
dissipation rate due to bottom friction. Bagnold’s
approach formed the basis for several bed load trans-
port models (Bailard and Inman, 1981; Ribberink, 1998)
as well as total load transport models (Madsen and
Grant, 1976; Bailard, 1981). These models use the ‘‘bed-
shear stress concept’’ for river flow and the time-
dependent transport through the wave cycle is treated
in a quasi-steady way, i.e., the time-history effects from
previous phases of the wave cycle or from previous wave
cycles are neglected.

The development of practical sediment transport
models still has a strong empirical character and relies
heavily on physical insights and quantitative data as
obtained in laboratory and field studies. The objective of
this study is to develop a reliable, robust and general
formula for predicting bed load transport for a wide
range of river, coastal, and marine conditions. A large
number of data sets are used for the model development
including steady and unsteady flows.

Using the ‘bed-shear stress concept’, a major problem
is to estimate the total shear stress at the bottom. As
a first step in this study, only conduit, flume and river
data for steady flows were studied to implement the bed
load formula. For these kinds of experimental studies,
the bed-shear stress may be estimated from energy slope
measurements. Then, the formula was generalized to
oscillatory flows and combined steady and oscillatory
flows. However, for these more complex flows the bed-
shear stress cannot be estimated directly from the
measurements, but the stress must be calculated from
theoretical models of the bed roughness. Thus, compar-
isons with experimental data were made using the skin
friction as proposed by Soulsby (1997) and a semi-
empirical function to estimate the bottom roughness
height in the sheet flow regime from Wilson (1989).

2. Bed-load transport by currents

Here, bed load refers mainly to the rolling, sliding,
and jumping grains in almost continuous contact with
the bed, but also, following the ideas of Wilson (1966),
to the upper-regime transport where a layer with
a thickness of several grain diameters is transported
and where intergranular collision is important (sheet
flow).

2.1. Existing formulas

The bed load transport is often represented by the
following non-dimensional parameter,

FZ
qsbffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðs� 1Þgd3
50

p ð1Þ

where qsb is the volumetric bed load sediment transport
rate per unit time and width, s is the ratio between
densities of sand and water, g is the acceleration due to
gravity, and d50 is the median diameter. Some authors
have also proposed to use the parameter FbZ qsb/
(Wsd50), where Ws is the settling velocity. If
d50O 10�3 mm, Fb�F as the settling velocity is
proportional to the square-root of the median diameter
(according to Van Rijn, 1984), whereas for d50!
10�3 mm, Fb becomes smaller than F implying that Fb

introduces a characterization of the sediment transport
rate more sensitive for fine sediments.

Several relationships for bed load transport under
a steady current have been proposed where the rate is
related to the dimensionless bottom shear stress or
Shields parameter,

qcZ
tc

ðrs � rÞgd50
Z

1
2
fcU

2
c

ðs� 1Þgd50
ð2Þ

where tc is the shear stress at the bottom due to the
current, rs and r are the sediment and water density,
respectively, fc is the dimensionless friction factor, and
Uc the current velocity. Three commonly applied
formulas were investigated,

Meyer-Peter and Müller ð1948Þ FZ8ðqc � qcrÞ3=2 ð3Þ

Nielsen ð1992Þ FZ12q0:5c ðqc � qcrÞ ð4Þ

Ribberink ð1998Þ FZ11ðqc � qcrÞ1:65 ð5Þ

where qcr is the critical Shields parameter. The formula
for qcr proposed by Soulsby and Whitehouse (1997,
see also Soulsby, 1997, pp. 104–110) was used in this
paper.

2.2. Comparison with experimental data

To investigate bed load transport formulas, a wide
range of existing data sets were compiled and analyzed.
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Table 1

Data summary for bed load sediment transport in a steady current

Author(s) Flow type Nbr Material s d50 (mm)

Gilbert (1914) Steady uniform flow, flume, plane bed 250 Sand 2.65 0.3–4.9

U.S. Waterways Experiment

Station (1935–1936)

Steady uniform flow, flume, plane bed 162 Sand 2.65 0.18–4.1

Willis et al. (1972) Flume experiment, plane bed 43 Sand 2.65 0.1

Brownlie (1981) Various experimental data, plane bed 297 Plastic 1.30–1.41 2.2–20.2

Sand 2.49–2.67 0.088–20

Brownlie (1981) Various field data, plane bed 40 Sand 2.65 0.084–7.0

Smart (1984, 1997

with Nikora, 1999)

Exp. for steep channels and

field data, plane bed

140 Sand 2.65 2.0–10.5

Gravel 2.65 53–200

Nnadi and Wilson (1992) Pressured closed conduit 105 Bakelite 1.55 0.67–1.05

Sand 2.67 0.70

Nylon 1.14 3.94
Table 1 summarizes these data sets, where the type of
flow motion and sediment properties are listed. It may
be noted that many data come from the compilation
made by Brownlie (1981), where little indication was
given about the type of sediment transport (bed load or/
and suspended load), although comments on the
presence of bedforms were provided. From these data,
only plane-bed cases were selected where bed load
should prevail. Typically, for fine sediment, suspended
load is not negligible when bedforms occur.

Since uncertainties already exist in the measurements
of the bed load sediment transport (especially for field
measurements), a prediction within a factor 2 of the
experimental data is usually considered to be a satisfac-
tory result. In Table 2, the percentage of predicted
values included within a factor of 2 or a factor of 5
deviation is presented (Px2 and Px5, respectively), as
well as the root-mean-square error defined as ErmsZ
1/n

P
(log(qs,pred/qs,meas))

2. To avoid any distortion in
the calculation of Erms for very low transport (where
qs,pred or qs,meas could be found equal to zero),
a minimum value for qs,pred and qs,meas is used
(qs,minZ 10�8m2/s). It appears that the Meyer-Peter
and Müller formula, which was calibrated with coarse
sediment data, gives fairly good results for most of the
data, even for large shear stresses and fine sediment. An
underestimation is, however, observed for the Willis
et al. data, but as sediment used for this experiment was

Table 2

Prediction of bed load transport rate within a factor of 2 and 5 of the

measured values and root-mean-square errors using current data

Author(s) All data All data except

Willis et al.

Px2

(%)

Px5

(%)

Erms Px2

(%)

Px5

(%)

Erms

Meyer-Peter and Müller 62 83 0.34 66 87 0.30

Nielsen 54 72 0.48 57 75 0.46

Ribberink 66 85 0.28 69 89 0.25

Eq. (6) 73 89 0.19 78 93 0.15
very fine (0.1 mm), some suspended transport probably
occurred. The three formulas studied show equivalent
behavior for large shear stresses with a slightly better
prediction skill for the Ribberink formula. For smaller
Shields parameter (q close to qcr, where qcr is estimated
using the Soulsby and Whitehouse formula), all
formulas tend to overestimate the bed load rate with
errors up to one order of magnitude for the Nielsen
formula, which significantly increases Erms-value. Thus,
it seems that the use of the critical Shields parameter as
a limit for no transport is not accurate enough in the
existing formulas.

2.3. A new formula for bed load transport

To better understand the effect of the critical value of
the Shields parameter on the sediment transport, F-
values were plotted versus the ratio qc/qcr in Fig. 1. The
studied formulas are also plotted on the same graph
using a constant value for qcrZ 0.04 (mean value for the
data set).
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Fig. 1. Effect of the critical Shields parameter on bed load transport

rate: comparison between data and the studied formulas.
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All formulas are in a fairly good agreement with the
data if qcO 5qcr, but they tend to slightly overestimate F
when qcr! qc! 5qcr. For this range of values, the
Meyer-Peter and Müller and Ribberink formulas exhibit
a better behavior than the Nielsen formula. However,
when qc(qcr, significant deviations in the predictions
occur. All these formulas predict no sediment transport,
although low sediment transport is often observed. The
prediction of the critical Shields parameter is obviously
associated with marked uncertainties (so is the sediment
transport estimation for these low values). Thus, to
avoid such errors, a new approach was introduced using
an exponential relationship for the effect of the critical
Shields parameter, which allows low sediment transport
when q� qcr. A calibration with the data leads to the
following bed load formula:

FZ12q1:5c exp

�
�4:5

qcr

qc

�
ð6Þ

Cheng (2002) proposed a formula close to Eq. (6), but
without taking into account the effect of the critical
Shields parameter. Actually, the Cheng formula seems
to include a constant value on qcr� 0.05. The effect of
the critical value of the Shields parameter is, however,
not negligible as observed by Meyer-Peter and Müller
(1948).

Figs. 1 and 2 indicate that this new approach
regarding the effect of the critical Shields parameter
significantly improve the prediction skill for low shear
stresses. Predictions within a factor 2 deviation reach
70% (even 80% without Willis et al. data), which
increase the results by 10% compared to previous
formulas (cf. Table 2). The new relationship tends to
overestimate the transport rate when qc(qcr (see Fig. 1),
but it corresponds to very low rates.
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Fig. 2. Comparison between bed load transport predicted by the new

formula (Eq. (6)) and experimental data.
3. Bed-load transport by waves

3.1. Existing formulas

Several relationships for bed load transport by waves
have been proposed related to the wave orbital velocity
at the bottom Uw or the wave Shields parameter qw
defined as,

qwZ
1
2
fwU

2
w

ðs� 1Þgd50
ð7Þ

where fw is the dimensionless wave friction factor.
Assuming that the rough turbulent regime is fully
developed, the friction factor can be estimated by the
formula suggested by Swart (1974).

Formulas are often employed to estimate the wave
half-cycle sediment transport F1/2 (Madsen and Grant,
1976; Soulsby, 1997; Soulsby et al., 1993). The net
transport can then be calculated as the difference
between the half-cycle transport beneath the crest and
beneath the trough (the shear stress is calculated using
the maximum and minimum values of the wave velocity
at the bottom, uw,max and uw,min, respectively, instead of
the wave orbital velocity Uw). In some other studies
(Bailard and Inman, 1981; Ribberink, 1998), an in-
stantaneous relationship is introduced for the bed load
F(t) that can be integrated over a wave period. The
following formulas are among the most common ones
for calculating sediment transport under waves:

Madsen and Grant ð1976Þ

F1=2Z12:5
Wsffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðs� 1Þgd50
p q3w ð8Þ

Bailard and Inman ð1981Þ

FðtÞZ eb fw

ðs� 1Þ2g2 tan fd50
uwðtÞ3 ð9Þ

Dibajnia and Watanabe ð1992Þ

FZ0:001
Wsffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðs� 1Þgd50
p G0:55 G

jGj ð10Þ

Soulsby ð1997Þ

F1=2Z5:1ðqw � qcrÞ3=2 ð11Þ

Ribberink ð1998Þ

FðtÞZ11ðjqwðtÞj � qcrÞ1:65
qwðtÞ
jqwðtÞj ð12Þ
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It can be noted that Madsen and Grant and Dibajnia
and Watanabe used the parameter Fb instead of the
parameter F (cf. Section 2.1), which explains the
coefficient Ws=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðs� 1Þgd50

p
in their formulas. Bailard

and Inman proposed a coefficient value of ebZ 0.13 and
f is the internal friction angle of the sediment (f� 30 �).
Dibajnia and Watanabe defined G as a function of the
half-periods Twc and Twt and the amount of sediment
entrained that settled in each half-period, since some of
it might still be in suspension from the previous half-
period (see also Camenen and Larroudé, 2003).

3.2. Development of a new formula

As Madsen (1991) or Ribberink (1998) proposed, the
instantaneous sediment transport rate may be related to
the instantaneous shear stress in the same manner as for
the steady case. Following the idea of Dibajnia and
Watanabe (1992), a simplified velocity profile at the
bottom may be used to estimate the effect of the wave
asymmetry on the sediment transport. Thus, the net
sediment transport over a wave period is estimated for
each half-period using a characteristic value on the
quadratic velocity, or equivalently on the shear stress (if
the friction coefficient is assumed to be constant). Thus,
the mean value of the instantaneous shear stress over
half a period may be used (see Fig. 3),

qw;onshoreZ
1

Twc

Z Twc

0

qwðtÞdt

qw;offshoreZ
1

Twt

Z Tw

Twc

qwðtÞdt
ð13Þ

where Twc and Twt are the half-periods where the
instantaneous velocity uw(t) (or instantaneous Shields
parameter) is onshore (uw(t)O 0) or offshore (uw(t)! 0),
respectively, and the instantaneous shear stress is defined
as follows:

qwðtÞZ
1
2
fwjuwðtÞjuwðtÞ
ðs� 1Þgd50

ð14Þ

Fig. 3 presents a typical velocity profile and the
associated instantaneous Shields parameter profile over
a wave period. In the case of an asymmetric wave,
a maximum in the shear stress occurs during onshore
flow (in the direction of the waves) that is larger than the
minimum during offshore flow. This causes a net
sediment transport in the direction of the waves.

A constant value on the friction coefficient over the
wave period was assumed when calculating the Shields
parameter (Eq. (13)). Drake and Calantoni (2001) and
Antunes Do Carmo et al. (2003) showed that in general
the wave friction coefficient depends also on the
acceleration of the fluid near the bottom. This de-
pendence was previously noted by Trowbridge and
Madsen (1984a, b), who presented an analytical study of
the turbulent wave boundary layer showing the impor-
tance of a time-varying eddy viscosity. However, it was
assumed here that the predictions of the shear stresses
using a constant friction factor are accurate enough for
the sediment transport calculations.

Using the same approach as for the steady current, an
equation for the net sediment transport under waves
may be derived similar to Eq. (6). The net sediment
transport under waves is expressed as,

FZa
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
qcw;onshoreCqcw;offshore

p
qw;m exp

�
�b

qcr

qw

�
ð15Þ

where a and b are coefficients (jqcw,onshorej is supposed to
be always larger than jqcw,offshorej) and qw,mZ Cjqw(t)jD is
the time-averaged absolute value of the instantaneous
Shields parameter.

A conceptual model that supports this type of
formulation would be based on the following assump-
tions:

- the transport in the bottom layer is the product
between the typical speed of the layer and the layer
thickness, where the former is denoted Us and the
latter Ds;

- Us is assumed proportional to the net shear velocity
over a wave period, which gives the jqw,onshoreC
qw,offshorej1/2-dependence (u) a q1/2);

- Ds is assumed proportional to the mean wave shear
stress, which gives the qw,m-dependence.
sediment transport 
in the wave direction

sediment transport 
in the opposite direction

(a) (b)
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+/−θcr
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Fig. 3. (a) Typical wave velocity profile and (b) instantaneous Shields parameter profile, over a wave period in the direction of the waves.
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The overall effect of the critical shear stress on the
sediment transport over a wave period is estimated using
the same approximation as for the steady current.
However, since Soulsby (1997, pp. 104–106) proposed to
compute the critical shear stress based on the maximum
shear stress, the maximum Shields parameter is used in
Eq. (15).

A difficulty when applying the formula (and any
other formulas based on the shear stress) is to estimate
the total Shields parameter (or total friction coefficient)
for the sheet flow regime. The work by Wilson (1989) on
wave-induced sheet flow roughness was employed in this
study, where he proposed to use the same equation as
for steady current but with the maximum wave-induced
Shields parameter (ksZ ks,WZ 5qwd50). As most of the
results presented by Ribberink (1998) were based on the
skin friction, in order to be consistent, two computa-
tions were made, using first the skin friction (ksZ 2d50)
and then the Wilson equation. It should be noted that
the Wilson formula requires an iterative approach when
solving for ks.

3.3. Comparison with experimental data

To investigate bed load transport under waves only,
a wide range of existing data sets were compiled and
analyzed. Table 3 summarizes these data sets, where
the type of experiment, sediment properties, and wave
properties are listed. It can be observed that most of
the data are from oscillating water tunnels (OWT).
This kind of experiment has two advantages for this
study: large orbital velocities can be reached and bed
load transport is prevailing. Previously, experimental
studies were often carried out using an oscillating tray
(OT; oscillating bed in a tank of still water, cf.
Manohar, 1955; Kalkanis, 1964; Abou-Seida, 1965;
Sleath, 1978).

Fig. 4 shows the calculated and measured bed load
transport for the studied experimental cases using values
on the empirical coefficients of aZ 6 and bZ 4.5. This
new fit shows that if the effect of the critical Shields
parameter on the mean sediment transport rate over
a wave period is similar to steady flow, the total net rate
is a function of the Shields parameter to the power 1.5
with a smaller value on the coefficient a than for steady
current. Soulsby (1997) found similar results using the
Meyer-Peter and Müller equation (Eqs. (3) and (11)
include the coefficient values 8 and 5.1, respectively).
This lower value may correspond to a phase-lag between
instantaneous sediment concentration and the velocity
at the bottom.

Around 60% of the cases are predicted within a factor
of 2 of the measured values. As discussed previously, an
additional problem when comparing the transport
formula with the wave measurements is that no shear
stress may be derived from the experimental measure-
ments, but the shear stress has to be calculated based on
an estimate of the bed roughness. This introduces an
extra element of uncertainty in the calculations of the
sediment transport rates. The formula proposed by
Wilson (1989) was employed to calculate the roughness
height, and an underestimation for the Ahilan and
Sleath data set and an overestimation for the Sawamoto
and Yamashita data set are observed. One explanation
could be that large uncertainties are induced by this kind
Table 3

Data summary for bed load sediment transport in an oscillatory flow with and without current

Author(s) Exp. Facil. Cycle Nbr s d50 (mm) Uc (m/s) Uw,max (m/s) Tw (s)

Kalkanis (1964) OT Half 25 2.63 1.68–2.82 0 0.28–0.71 3.2–6.2

Abou-Seida (1965) OT Half 34 2.65 0.14–2.61 0 0.35–1.28 1.7–5.1

9 2.23 0.70 0 0.41–0.80 2.0–4.8

Sleath (1978) OT Half 22 2.60 1.89, 4.24 0 0.20–0.68 0.5–2.7

12 1.14 3.04 0 0.07–0.17 1.3–9.0

Horikawa et al. (1982) OWT Half 6 2.66 0.2 0 0.76–1.27 2.6–6.0

Sawamoto and Yamashita (1986) OWT Half 22 1.58 1.5 0 0.74–1.25 3.8

2.65 0.2–1.8 0 0.46–1.25 3.8

Ahilan and Sleath (1987) OWT Half 5 1.14 4.0 0 0.3–0.5 3.6–3.7

4 1.44 4.3 0 1.1–1.2 4.7–4.9

Watanabe and Isobe (1990) OWT Full 11 2.65 0.18, 0.87 0 0.27–0.43 3.0, 6.0

65 2.65 0.18, 0.87 �0.3–0.25 0.27–0.52 3, 6

King (1991) OWT Half 178 2.65 0.1–1.1 0 0.3–1.2 2.0–12.0

Dibajnia and Watanabe (1992) OWT Full 25 2.65 0.20 0 0.6–1.0 1.0–4.0

76 2.65 0.20 �0.26–0.22 0.61–1.24 1–4

Ribberink and Chen (1993) OWT Full 4 2.65 0.128 0 0.6–1.2 6.5

Ribberink and Al Salem (1994) OWT Full 10 2.65 0.21 0 0.7–1.4 5.0–12.0

Delft Hydraulics (1993–1999) OWT Full 52 2.65 0.13–0.24 �0.45–0.56 0.37–1.49 5, 12

Dohmen-Janssen (1999) OWT Full 27 2.65 0.13–0.32 0.23–0.45 0.46–1.85 4–12

Dohmen-Janssen and Hanes (2002) LWF Full 4 2.65 0.21 �0.05 0.88–1.05 6.5, 9.1

Ahmed and Sato (2003) OWT Full 15 2.65 0.21–0.74 0 1.16–1.85 3.0
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Fig. 4. Comparison between bed load transport predicted by the new formula (Eq. (15)) and experimental data with waves (ks calculated using the

Wilson formula, 1989).
of iterative formula (cf. Bayram et al., 2003). Using the
skin roughness height shows better agreement for the
Sawamoto and Yamashita data set, but worse agree-
ment for the Ahilan and Sleath data set.

Finally, it may be noted that Eq. (15) slightly
underestimates the sediment transport rate for the
Kalkanis data set and overestimates the rate for the
Abou-Seida and Sleath data sets. Thus, it appears that
the OT set-up does not yield the same behavior
concerning the sediment transport as the OWT set-up.
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Fig. 5. Comparison between bed load transport predicted by the new

formula (Eq. (15)) and experimental data over a full wave cycle (ks
calculated using the Wilson formula, 1989, ks Z ks,W).
Another remark to be made (see Fig. 5) is that the
direction of the net sediment transport may be opposite
to the direction of the waves. Ribberink and Chen
(1993) and Dibajnia and Watanabe (1992) observed this
phenomenon for highly asymmetric waves and fine
sediment (d50% 0.2 mm). It corresponds to the phase-
lag in the response of the sand to the fluid. The quantity
of sediment in suspension depends not only on the
instantaneous velocity, but also on the settling velocity.
In the case of oscillating flows, not all the sand grains
put into suspension during the first half-period settle
during the same half-period. The proportion still in
suspension is then carried away in the opposite direction
during the second half-period. Dohmen-Janssen (1999)
and Dohmen-Janssen et al. (2002) introduced a phase-
lag parameter to describe the phase-lag effects,

pplZ
2pds
WsTw

ð16Þ

where ds is the thickness of the sheet flow layer. Following
Asano (1992) and Dohmen-Janssen et al. (2002),
dsZ 10d50qw. They observed that phase-lag effects occur
when pplO 0.3–0.4. In Fig. 5 are the cases, where strong
phase-lag occurs, emphasized (circles). These data points
correspond to an overestimation (and/or wrong di-
rection) of the predicted values using Eq. (15). Thus, it
appears that the proposed formula is restricted to cases
without phase-lag effects. This phenomenon is not yet
included in the present formula but could be approxi-
mated by adding a correction factor (Dohmen-Janssen,
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Table 4

Prediction of bed load transport rate within a factor of 2 and 5 of the measured values and root-mean-square errors using waves data

Author(s) All data (ksZ ks,W) Full cycle data (ksZ ks,W) All data (ksZ 2d50)

Px2 (%) Px5 (%) Erms Px2 (%) Px5 (%) Erms Px2 (%) Px5 (%) Erms

Madsen and Grant 37 64 1.25 06 14 5.22 45 75 0.99

Bailard and Inman 47 75 0.92 38 57 3.81 45 73 0.93

Dibajnia and Watanabe 36 75 0.49 49 85 0.79 36 75 0.49

Soulsby (coefficient 2.5) 36 75 0.98 20 52 3.92 39 76 0.97

Ribberink 29 73 1.08 20 46 4.14 36 76 1.03

Eq. (15) 59 86 0.77 34 58 3.84 57 86 0.78
1999; Dohmen-Janssen et al., 2002; Camenen and
Larroudé, 2003).

In Table 4, the percentage of predicted values within
a factor of 2 deviation or a factor of 5 deviation and the
root-mean-square error are presented for the six studied
formulas and all the data, as well as for the data
encompassing complete wave cycles, using the Wilson
formula (1989) to compute the roughness height
(ksZ ks,W). The same calculations were also performed
for all the data using the skin friction (ksZ 2d50) to
compute the Shields parameter.

Eq. (15) yields the best overall results, although for
the full cycle data, since no phase-lag is taken into
account, the results are poorer and the scatter is larger
(ErmsZ 3.8). The Madsen and Grant formula tends to
overestimate the sediment transport for large values on
the shear stress. This is because they employed a formula
proportional to the Shields parameter to the power 3
and calibrated with lower shear stress data. Soulsby
suggested to use the maximum shear stress in his
formula, which causes a large overestimation of the
transport rates. Using a coefficient value of 2.5 instead
of 5.1 improves the results (cf. results in Table 4), but it
still implies an overestimation of the sediment transport
for low shear stresses. If the mean shear stress is used
instead of the total shear stress (with the coefficient 5.1),
results are better and quite similar to those using Eq.
(15), except for data with low sediment transport rates,
which are largely overestimated. The Bailard and
Inman, Dibajnia and Watanabe, and Ribberink formu-
las also present overestimations for low sediment
transport rates. This means that the effect of the critical
Shields parameter is not taken into account properly
(not included in the Bailard and Inman and Dibajnia
and Watanabe formulas). The Ribberink formula, as it
stands, generally overestimates the sediment transport
rate. Using the coefficients (7.9, 1.97) instead of (11,
1.65) or using ksZ d50, as Ribberink (1998) proposed,
improves the results. However, this is not in accordance
with the formula proposed for steady current (cf. Eq.
(5)) or with the physical values of the roughness height.
The Dibajnia and Watanabe formula, since it takes into
account the effect of the phase-lag, allows the sediment
transport to be in the opposite direction to the waves for
fine sediment. Thus, it presents the overall best results
for the full cycle data and a much lower scatter
(Erms! 1). On the other hand, it yields poor results
for the half-cycle data. Finally, it should be noted that
results from the OT data are generally more scattered.
This may be a result of the shear stresses being close to
the critical shear stress, inducing additional randomness,
as well as uncertainties in the measurements.

The main theoretical difference between the Ribber-
ink relationship (Eq. (12)) and Eq. (15) is that the
former one is a mean value of the instantaneous
sediment transport over the wave period, whereas the
latter calculates the sediment transport from the mean
shear stress. Using the mean value over the wave period
of the instantaneous sediment transport induces a sedi-
ment transport rate 20% larger than using the same
equation with the mean shear stress over the period.
Moreover, as was observed previously, the phase-lag
effects seem to be non-negligible, even for relatively
small wave orbital velocities. This may explain the
overestimation observed for the Ribberink formula.

4. Bed-load transport by waves and currents

The stirring effect due to waves in the presence of
a steady current tends to increase the total sediment
transport significantly. In order to generalize the
proposed formula to encompass both waves and
current, a new formula is proposed including the total
shear stress obtained from the interaction between
waves and current.

4.1. Development of a new formula

The conceptual model proposed for the case of waves
only (cf. Eq. (15)) can be extended to the interaction
between waves and current. Assuming that Us is
proportional to the shear velocity at the bottom,
a jqcw,onshore� qcw,offshorej1/2-dependence may be as-
sumed for Us, where the interaction between waves
and current is taken into account. The representative
shear stresses qcw,onshore and qcw,offshore are defined as the
quadratic values of the instantaneous Shields parameter
profile in the direction of the wave for the positive and
the negative values of qcw(t), respectively (cf. Fig. 6b).



257B. Camenen, M. Larson / Estuarine, Coastal and Shelf Science 63 (2005) 249–260
(a) (b)

Uw,max

Uc cosϕ

Tw

Twc

u

2Uwϕ

Uc sinϕ

Uc cosϕ

Uc

U
w,min

Uw,max

Twt

t

Fig. 6. (a) Definition sketch for wave and current interaction and (b) a typical velocity profile over a wave period in the direction of the waves

including the effect of a steady current.
For an arbitrary angle 4 between the waves and the
current (Fig. 6a), this yields the same equations as in Eq.
(13), where qw is replaced by qcw, and Twc and Twt are
the half-periods where the instantaneous velocity
u(t)ZUc cos4C uw(t) (or instantaneous Shields param-
eter) is onshore (u(t)O 0) or offshore (u(t)! 0), re-
spectively (cf. Fig. 6). The instantaneous Shields
parameter is defined as follows,

qcwðtÞZ
1
2
fcwjUc cos 4CuwðtÞjðUc cos 4CuwðtÞÞ

ðs� 1Þgd50
ð17Þ

where fcw is the friction coefficient for an interaction
between wave and current. This coefficient is assumed to
be constant over the wave period as a first approxima-
tion, but as pointed out in Section 3.2, a temporal
variation exists. Madsen and Grant (1976) suggested that
fcw could be obtained as a linear combination of fc and fw
( fcwZXfcC (1�X )fw with XZ jUcj/(jUcjCUw)).

Assuming that the moving sediment layer thickness
Ds is proportional to the total mean bottom shear stress
will give a qcw,m-dependence for the transport rate (the
stirring at the bottom by the waves and current together
is mobilizing the layer). For an arbitrary angle 4

between the waves and the current, the mean and
maximum combined Shields parameters at the bottom
qcw,m and qcw, respectively, are written,

qcw;mZ
�
q2cCq2w;mC2qw;mqc cos 4

�1=2 ð18Þ

qcwZ
�
q2cCq2wC2qwqc cos 4

�1=2 ð19Þ

where the mean (maximum) shear stresses from the
waves and current were simply added together (vector
addition). A more sophisticated approach would include
the time variation of the waves in this addition.

In summary, a general equation for the sediment
transport under waves and currents is,

(
FwZaw

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
qcw;onshoreCqcw;offshore

p
qcw;m exp

�
�b

qcr

qcw

�
FnZan

ffiffiffiffiffiffi
qcn

p
qcw;m exp

�
�b

qcr

qcw

� ð20Þ
where w and n correspond, respectively, to the wave
direction and the direction normal to the wave direction,
qcnZ1=2½fcðUc sin 4Þ2=ððs� 1Þgd50Þ�; and aw, an and b
are coefficients as before. The same value of bZ 4.5 is
kept. In order to be consistent with previous results
obtained for current only and waves only, the following
relationship is proposed for the coefficient aw,

awZ6C6Y withYZ
qc

qcCqw
ð21Þ

and anZ 12.

4.2. Comparison with experimental data

To investigate bed load transport where waves and
current are interacting, several existing data sets were
compiled and analyzed (see Table 3). Most of the data
are from OWT experiments implying large orbital
velocities with prevailing bed load transport, as pre-
viously discussed. More recently, Dohmen-Janssen and
Hanes (2002) carried out some experiments in a large-
scale wave flume (LWF). For non-breaking waves, they
found that the bed load sediment transport represents
around 90% of the total load. These experiments with
real waves showed that the results are quite consistent
with those observed in oscillating water tunnels (OWTs),
although differences in the suspended sediment concen-
tration and the total sediment transport rate are
apparent. Net transport rates under waves were found
to be about a factor 2.5 larger than in uniform
horizontal oscillatory flows. They explained this by
referring to the differences between boundary layer flows
in OWTs and under free surface gravity waves. This
difference may (partly) be attributed to the onshore
directed boundary layer streaming that is present under
waves and is absent in horizontal oscillatory flow.

In Fig. 7 is the bed load transport predicted by Eq.
(20) plotted against experimental data for current and
waves interacting (with jUcjO 0.02). Good agreement is
observed and more than 50% of the experimental cases
are predicted within a factor of 2 of the measured values.
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A major part of the discrepancy (Erms� 2, see Table 5)
could be explained by the difficulties to predict
roughness values for oscillatory sheet flows (no mea-
sured values available) and because phase-lag effects are
not included in the formula (some large overestimations
or even incorrect transport directions are observed when
strong phase-lag occurs as in Fig. 5). The sediment
transport rates for the Delft Hydraulic data set are
slightly overestimated when the Wilson formula is used
and better predicted using the skin roughness height. On
the other hand, the sediment transport rates for the
Dibajnia and Watanabe data set are underestimated
when the skin friction is used and better predicted when
the Wilson formula is used. The four data points from
the large wave flume experiment are very well predicted
(within a factor of 2 of the measured values). It seems
that the differences observed by Dohmen-Janssen and
Hanes (2002) between the LWF and OWT experiments
for the linear relationship between the net transport
rates and the third-power velocity moment are reduced
by the integration of the friction coefficient (within the

10−7 10−6 10−5 10−4 10−3
10−7

10−6

10−5

10−4

10−3

qs,exp. (m
2/s)

q s
,B

ai
. (

m
2 /

s)

Er(/2,x2) = 47 % 

Er(/5,x5) = 70 % 

Watanabe & Isobe
Dibajnia & Watanabe
Delft Hydraulic
Dohmen−Janssen
Dohmen−Janssen & Hanes

Fig. 7. Comparison between bed load transport predicted by the Eq.

(20) and experimental data with current (jUcjO 0.02 m/s) using the

Wilson formula (1966 and 1989) to compute the roughness height

(ks Z ks,W).

Table 5

Prediction of bed load transport rate within a factor of 2 and 5 of the

measured values and root-mean-square errors using waveC current

data (jUcjO 0.02 m/s)

Author(s) All data (ksZ ks,W) All data (ksZ 2d50)

Px2 (%) Px5 (%) Erms Px2 (%) Px5 (%) Erms

Bailard and Inman 47 70 2.07 41 68 2.10

Dibajnia and

Watanabe

41 72 1.74 41 72 1.74

Ribberink 18 44 4.13 32 52 4.01

Eq. (20) 54 77 2.03 46 74 2.05
Shields parameter). Finally, contrary to the other
formulas, good agreement is observed for the Watanabe
and Isobe data set, corresponding to small wave orbital
velocities and periods. This means that the effects of the
critical Shields parameter are well described. It should
be noted that for this data set, ripples were sometimes
observed which induced stronger suspension and phase-
lag effects. This may explain the opposite direction of
the sediment transport observed for some of the data
points as pointed out by Dibajnia and Watanabe (1992).

4.3. Comparison with existing formulas for
waves and current

Only the Bailard and Inman, Dibajnia andWatanabe,
and Ribberink formulas (cf. Section 3.1) include the
effects of a current. In Table 5, the percentage of
predicted values included within a factor of 2 or a factor
of 5 deviation for the four studied formulas are presented
for all the data where a mean current is present using the
Wilson relationship (ksZ ks,W) or the skin friction
(ksZ 2d50) to compute the roughness height.

It can be seen in Table 5 that a larger discrepancy
exists compared to the steady current data as the total
shear stress has to be estimated instead of using
measured values but Eq. (20) still yields the best overall
results. The Bailard and Inman formula overestimates
the sediment transport rate for low shear stress (cf. the
Watanabe and Isobe data set), and underestimates the
rate for the Dibajnia and Watanabe data set and for all
the cases where strong phase-lag occurs. Nevertheless, it
presents quite good overall agreement with the data. As
observed in Section 3.1, the Ribberink formula, as it
stands, overestimates the transport rates when waves are
present. Results are improved using the skin roughness
height, but they remain poor compared to the other
formulas. Finally, if the Dibajnia and Watanabe re-
lationship shows good overall results, it overestimates
the data from Delft Hydraulic and seems not to be
sensitive enough to the bottom shear stress.

5. Conclusion

A new formula for bed load sediment transport was
developed and presented that includes interaction
between waves and current. This formula is based on
the assumption that the sediment transport is pro-
portional to the total Shields parameter to the power
1.5. For purely oscillatory flows, the mean Shields
parameter for each half-period (when uO 0 and u% 0)
is computed in order to take into account the effect of
asymmetric waves. The new formula provides satisfac-
tory agreement with the data sets that were compiled,
and the best agreement compared to other formulas
previously proposed.
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The effect of the critical Shields parameter was
studied more carefully and an exponential function of
the ratio qcr/qcw was proposed. This relationship sig-
nificantly improves the agreement for both steady
current and wave cases.

The net sediment transport due to waves was smaller
than expected. A coefficient value of aZ 6 was found,
although it reaches 12 for the steady current. This lower
value may partly be explained by the fact that the mean
shear stress over each half-period is used. Nevertheless,
it seems that phase-lag effects are present even for small
wave orbital velocities and coarser sediment, which
introduce a lower net sediment transport over the wave
period.

Furthermore, some discrepancy occurs since the total
shear stress is unknown for many of the experiments.
Indeed, for the experiments with oscillatory flows, the
total shear stress has to be estimated based on
theoretical values. Two calculation approaches were
presented: using the Wilson formula to compute the
roughness height, or using the skin roughness height
(even if it is known that the roughness increases strongly
when sheet flow occurs). Depending on the data set, the
former or latter calculation yields the best agreements. It
stresses how important it is to accurately estimate the
bottom shear stress when sheet flow occurs in order to
predict the sediment transport rate accurately.

Finally, as the formula does not take into account the
effect of phase-lag, adding a coefficient quantifying this
effect should increase the accuracy of the formula. The
phase-lag phenomenon is the main non-steady effect due
to oscillatory flows: a quantity of sand can still remain in
suspension after each half-cycle of the wave velocity
profile, and hence move in the other direction. Dibajnia
and Watanabe (1992) introduced a semi-empirical
formula which allows for the estimation of phase-lag
effects. Dohmen-Janssen (1999) and Camenen and
Larroudé (2003) also proposed some semi-empirical
coefficients to estimate phase-lag effects.

Acknowledgments

This work was in part conducted under the Inlet
Modeling System Work Unit of the Coastal Inlets
Research Program, U.S. Army Corps of Engineers, and
in part under the Humor programme supported by the
European Community.

References

Abou-Seida, M., 1965. Bed load function due to wave action. Tech.

Rep. HEL-2-11, Hydraulic Engineering Laboratory, University of

California, Berkeley, California.
Ahilan, R., Sleath, J., 1987. Sediment transport in oscillatory

flow over flat beds. Journal of Hydraulic Engineering 113 (3),

308–322.

Ahmed, A., Sato, S., 2003. A sheet-flow transport model for

asymmetric oscillatory flow, part I: uniform grain size sediments.

Coastal Engineering Journal 45 (3), 321–337 (in Japan).

Antunes Do Carmo, J., Temperville, A., Seabra-Santos, F., 2003.

Bottom friction and time-dependent shear stress for wave–current

interaction. Journal of Hydraulic Research 41 (1), 27–37.

Asano, T., 1992. Observations of granular-fluid mixture under an

oscillatory sheet flow. Proceedings of 23rd International Confer-

ence on Coastal Engineering, ASCE, Venice, Italy. ASCE, pp.

1896–1909.

Bagnold, R., 1966. An approach of sediment transport model from

general physics. Tech. Rep. 422–I, US Geological Survey Pro-

fessional Paper.

Bailard, J., 1981. An energetics total load sediment transport model for

a plane sloping beach. Journal of Geophysical Research 86 (C11),

10938–10954.

Bailard, J., Inman, D., 1981. An energetics bedload model for a plane

sloping beach: local transport. Journal of Geophysical Research 86

(C11), 10938–10954.

Bayram, A., Camenen, B., Larson, M., 2003. Equivalent roughness

under sheet flow conditions. In: Coastal Sediments’03 Conference

Proceedings of ASCE, p. on CD.

Bijker, E., 1967. Some considerations about scales for coastal models

with movable bed. Tech. Rep. 50, Delft Hydraulics Laboratory,

The Netherlands.

Brownlie, W., 1981. Compilation of alluvial channel data: laboratory

and field. Tech. Rep. KH-R-43B, California Institute of Technol-

ogy, Pasadena, California, USA.
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